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It is found that, when the coupling constants αp in the theory of regularized Lovelock gravity are
properly chosen and the number of Lovelock tensors p → ∞, there exist a fairly large number of
nonsingular (singularity free) black holes and nonsingular universes. Some nonsingular black holes
have numerous horizons and numerous energy levels (a bit like atom) inside the outer event horizon.
On the other hand, some nonsingular universes start and end in two de Sitter phases. The ratio of
energy densities for the two phases are 120 orders. It is thus helpful to understand the cosmological
constant problem.
PACS numbers: 04.50.Kd,04.70.Bw,04.30.-w,04.80.Cc
I. INTRODUCTION
The Lovelock theorem [1] states that, in higher dimensions, General Relativity is not the unique healthy theory
that has the second order equation of motion and consists of the metric tensor together with its derivatives (up to
second order). Actually, the most general gravitational theory leading to second order field equations and consisting
of only the metric tensor and its second derivatives in higher dimensions is the Lovelock gravity. When the dimension
of spacetime is four, the Lovelock theory reduces to General Relativity [2] due to the fact that the higher order
Lovelock invariants become total derivative. In view of this point, many attempts has been made in the literature to
let the higher order Lovelock tensors contribute in four dimensions. These include the introduction of extra degrees of
freedom, non-minimally coupled to the Lovelock invariants [3], or the consideration of non-linear function constructed
with the Lovelock invariants [4].
Recently, a novel way is introduced in order to make the Lovelock tensors non-vanishing in four dimensional
spacetime [5, 6]. (See also [7, 8] for earlier works). The key idea of the novel method amounts to regularize the
coupling constants
αp → α˜p = αp (n− 2p− 1)!
(n− 1)! . (1)
Here p and αp are the order and coupling constants in Lovelock invariants. n is the dimension of spacetime. With this
regularization, the Lovelock gravity becomes the regularized Lovelock gravity [5, 6]. Then it is found the corresponding
regularized Lovelock tensors are non-vanishing even if the spacetime is four dimensional. With the invention of
regularized Lovelock gravity [5, 6], many interesting discoveries are made. These discoveries are included in the new
exact solutions [9–16], the black hole quasinormal modes [17–26], the black hole shadows [27–32], the gravitational
lensing [33–37], the black hole thermodynamics [38–46], the regularized Einstein-Gauss-Bonnet gravity [47–51] and
the holographic superconductors [52]. Of course, there remain some objections on this theory [53–58]. For example,
by considering a quantum tunneling of vacua in the regularized four dimensional Einstein-Gauss-Bonnet gravity, Shu
[56] finds a disastrous divergence of vacuum decay rate. Thus an inconsistence of the theory is put forward. Putting
aside the debates, we report in this paper that a large number of nonsingular black holes and nonsingular universes
can be constructed in the regularized Lovelock gravity without introducing any physical sources.
Generally, there are two ways to obtain nonsingular black holes and nonsingular universes. The first way is to
modify the right hand of Einstein equation and the second way is to modify the left hand. The first way aims at
resorting to exotic physical sources and the second way amounts to modify gravity itself. The nonsingular black hole
models with various physical sources can be found in [59–73]. These nonsingular black holes have an event horizon
and no singularities. Although they are derived in the framework of General Relativity, they avoid the well-known
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2singularity theorems because their physical sources violate the energy conditions. The corresponding physical sources
are mostly built with some non-linear electrodynamics. The other nonsingular black hole models are proposed in
exact conformal field theory [75], the noncommutative geometry [76, 77], the string theory [78] and very recently,
the Euler-Heisenberg theory of electrodynamics coupled to modified gravity [79]. These black holes have often been
referred to as Bardeen black holes [63] because it is Bardeen that was the first one proposing the nonsingular black
hole. The nonsingular universe models can be found in [80–85]. They are based on various approaches such as modified
gravity models [80, 81], Lagrangian multiplier gravity actions (see e.g., [83]), brane world scenarios [84] an so on. Here
we do not want to present an exhaustive list of references, but we prefer the readers to read the nice review paper by
Novello and Bergliaffa [85] and the references therein.
The paper is organized as follows. In Sec. II, we review the theory of Lovelock gravity in n dimensions. In Sec.
III, we look for the four dimensional nonsingular black holes in the regularized Lovelock gravity. In order to make
a connection with observations, we calculate the black hole quasinormal modes In Sec. IV. In order to understand
the internal structure of the black holes, we investigate the geodesic motions of massless and massive particles in Sec.
V. In Sec. VI, we look for the four dimensional nonsingular universes. Finally, Sec. VII gives the conclusion and
discussion. Throughout this paper, we adopt the system of units in which G = c = ~ = 1 and the metric signature
(−, +, +, +).
II. THE LOVELOCK GRAVITY IN N DIMENSIONS
The action of Lovelock gravity [1] in n dimensions takes the form
S =
∫
dnx
√−g
(
N∑
p=0
αpLp + Lm
)
, (2)
where n is the dimension of spacetime, αp are dimensional constants and summation is carried over all p ∈ N with
N ≤ (n− 1)/2. Lm is the Lagrangian of matters.
Lp is defined by
Lp = 2
−pδ
λ1λ2···λ2p
σ1σ2···σ2pR
σ1σ2
λ1λ2
Rσ3σ4λ3λ4 · · ·R
σ2p−1σ2p
λ2p−1λ2p
, (3)
where δ
λ1λ2···λ2p
σ1σ2···σ2p is the generalized Kronecker delta function of the order 2p. It equals to ±1 if the upper indices form
an even or odd permutation of the lower ones, respectively, and zero in all other cases. Here Rσkσlλiλj is the Riemann
tensor. Since Lp has the dimension of l
−2p, αp has the dimension of l
2p−2 (l is some length.).
For some specific examples, we have
L0 = 1 , L1 = R , L2 = RµναβR
µναβ − 4RµνRµν +R2 . (4)
They are related to the cosmological constant, Einstein-Hilbert Lagrangian and Lanczos Lagrangian [86, 87], respec-
tively.
The variation of action with respect to the metric gives the Lovelock gravity [1]
N∑
p=0
αpG
(p)
µν = κTµν . (5)
Tµν is the energy momentum tensor of matters and κ is a constant. In four dimensional case, κ = 8pi. The Lovelock
tensors are
G(p)µν = −2−p−1gµβδβλ1λ2···λ2pνσ1σ2···σ2pRσ1σ2λ1λ2Rσ3σ4λ3λ4 · · · R
σ2p−1σ2p
λ2p−1λ2p
. (6)
In particular, we have [88]
G(0)µν = −
1
2
gµν ,
G(1)µν = Rµν −
1
2
gµνR . (7)
The antisymmetric Kronecker delta tensor is non-vanishing only when the indices are all different. Therefore, the
maximum of order p must be smaller than (n − 1)/2. For example, when n = 4, the Lovelock gravity leads to the
3Einstein tensor (p=1) plus cosmological constant term (p=0). The higher orders p ≥ 2 do not contribute the equations
of motion. It is at least when n = 5 that, the higher order p = 2 Lovelock tensor plays a part in the equations of
motion.
Therefore, in 4-dimensions, the static and spherically symmetric black hole is the Schwarzschild-de Sitter (or anti-de
Sitter) black hole which is singular. The equation of motion describing the evolution of Friedmann-Robertson-Walker
universe is the standard Friedmann equation which reveals a Big-Bang singularity. However, it is not the case in the
regularized Lovelock gravity theory. Actually, there is a large number of solutions for nonsingular black holes and
nonsingular universes. In the next sections, we will seek for these solutions.
III. 4-DIMENSIONAL NONSINGULAR BLACK HOLES
In this section, we shall show we are able to construct a large number of nonsingular black holes in the regularized
Lovelock gravity theory. To this end, let’s start from the black hole solution in the Lovelock gravity in n dimensional
spacetime which is given in [89–92]
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2n−2 , (8)
with
f(r) = 1− r2ψ(r) . (9)
Here ψ(r) has the dimension of inverse square of length. It is determined by solving for the real roots of the following
polynomial equation
N∑
p=0
cpψ
p =
16piM
(n− 2)Ωnrn−1 , (10)
where Ωn = 2pi
(n−2)/2/Γ[(n− 2)/2] is the volume of an (n− 2)-dimensional unit sphere and the coupling constants cp
are defined in terms of those appearing in Lagrangian
c0 =
α0
α1
1
(n− 1) (n− 2) , c1 = 1 , cp =
αp
α1
2p∏
k=3
(n− k) , for p > 1 . (11)
M is the mass of black hole.
The product of factors (n − k) demonstrates the fact that the p-th order of Lovelock tensor would not affect the
field equations when n ≤ 2p. In particular, when n = 4, we have [89–92]
c0 =
α0
α1
1
(4− 1) (4− 2) ,
c1 = 1 ,
c2 =
α2
α1
(4− 3) (4− 4) ,
c3 =
α3
α1
(4− 3) (4− 4) (4− 5) (4− 6) ,
c4 =
α4
α1
(4− 3) (4− 4) (4− 5) (4− 6) (4− 7) (4− 8) ,
· · · · ·· (12)
It is apparent, if αp is not regularized, the Lovelock gravity would lead us to the Schwarzschild-de Sitter solution in
4-dimensions since all cp with p > 1 are vanishing. Following Ref. [5, 6], let’s make a regularization
αp → αp
[
2p∏
k=3
(n− k)
]−1
, for p > 1 , (13)
4Then the regularized Lovelock gravity in n-dimensions is described by
S =
∫
dnx
√−g

α0 + α1R+
∑
p=2
αp
[
2p∏
k=3
(n− k)
]−1
Lp + Lm

 . (14)
We immediately conclude that the 4-dimensional black hole solution in the regularized Lovelock gravity takes the
form
N∑
p=0
cpψ
p =
2M
r3
. (15)
But the dimensional constants cp for p > 1 are now non-vanishing. They are,
c0 =
α0
6α1
, c1 = 1 , cp =
αp
α1
[
2p∏
k=3
(n− k)
]−1 2p∏
k=3
(n− k) = αp
α1
, for p > 1 . (16)
In principle, we can let
N = +∞ , (17)
because N can be arbitrary large. By defining
P (ψ) ≡
+∞∑
p=0
cpψ
p , (18)
we can get any form of P (ψ) we want provided that the coupling constants cp are properly chosen. We emphasize
that the idea of N = +∞ is firstly proposed by Kunstatter, Maeda and Taves [100] where the regularized Lovelock
gravity is called the designer Lovelock gravity.
In all, the four dimensional, static spherically symmetric and vacuum solution of regularized Lovelock gravity is
P (ψ) =
2M
r3
. (19)
P (ψ) is given by Eq. (18). The coupling constants cp are given by Eq. (16). In the next subsections, we shall present
several nonsingular black holes in the regularized Lovelock gravity.
A. NBH-1 (nonsingular black hole-1)
Let’s consider
P (ψ) = −λ
3
+
1
β
[(
1 +
βψ
γ
)γ
− 1
]
= −λ
3
+ ψ +
β
2γ
(γ − 1)ψ2 + β
2
6γ2
(γ − 1) (γ − 2)ψ3 + · · · , (20)
where the constant γ is dimensionless while β has the dimension of square of length, and λ is the cosmological
constant. Substituting it into Eq. (19), we obtain the expression of ψ. Then substituting ψ into Eq. (9), we obtain
the expression of f for the 4-dimensional black hole as follows
f = 1− γr
2
β
[(
1 +
2βM
r3
+
βλ
3
) 1
γ
− 1
]
. (21)
Expanding it in the series of β, we obtain the Schwarzschild-(Anti)de Sitter solution by putting β = 0. When
γ > 0, λ = 0 and for sufficient large r, we obtain a Minkowski spacetime. When γ > 0, λ = 0 and for sufficient small
r, we obtain
f = 1− γ
β
(2βM)
1
γ r2−
3
γ . (22)
5Therefore, there is physical singularity when 0 < γ < 3/2. When γ > 3/2, there is no physical singularity. In all,
when γ > 3/2 and β > 0, the black hole is singularity-free and asymptotically de Sitter (λ > 0) or anti de Sitter
(λ < 0). On the other hand, we always obtain the Minkowski spacetime whether for γ < 0, λ = 0 when r → 0 or for
γ < 0, λ = 0 when r → +∞. In all, when γ < 0 and β > 0, the black hole is singularity-free and asymptotically de
Sitter (λ > 0) or anti de Sitter (λ < 0).
In Fig. 1, we plot the positions of black hole horizons for positive γ. We have put M = 1, β = 4, λ = 0.1 and
γ = 4, 2, 1.7, 1.57, 1.5, 1.44 from top to bottom, respectively. It shows that all the spacetimes are asymptotically de
Sitter in space. When γ ≥ 2, the spacetime has only one cosmic horizon. When 3/2 < γ < 2, the spacetime has three
horizons (the outer event horizon, the inner horizon and the cosmic horizon) and no singularity. When 0 < γ < 3/2,
the spacetime has the event horizon, the cosmic horizon and a physical singularity. These plots are consistent with
the previous semi-analytic analysis.
FIG. 1: The evolution of f with respect to r for positive γ. The black hole spacetime is singularity-free when γ ≥ 3/2.
In Fig. 2, we plot the positions of black hole horizons for negative γ. We put M = 1, β = 0.5, λ = 0.1 and
γ = −0.01, −0.1, −0.4, −0.65, −2, −12 from top to bottom, respectively. It shows that all the spacetimes are
asymptotically de Sitter in space. When −0.65 < γ < 0, the spacetime has only one cosmic horizon and no singularity.
When γ < −0.65, the spacetime has three horizons and no singularity. These plots are also consistent with the previous
semi-analytic analysis.
65
FIG. 2: The evolution of f with respect to r for negative γ. The black hole spacetime is singularity-free.
6B. NBH-2 (nonsingular black hole-2)
Now considering
P (ψ) = −λ
3
− 1
β
ln (1− βψ) = −λ
3
+ ψ +
1
2
βψ2 +
1
3
β2ψ3 +
1
4
β3ψ4 + · · · , (23)
then we obtain f for a nonsingular black hole
f = 1− r
2
β
(
1− e− 2βMr3 − βλ3
)
. (24)
We assume β > 0. For very large r, it reduces to the de Sitter (λ > 0) or anti-de Sitter (λ < 0) solution. When
r → 0, we get a de Sitter core. The computations of the Ricci scalar and the Riemann tensor reveal they are indeed
not divergent ar r = 0. Therefore, this is a nonsingular black hole solution.
In Fig. 3, we plot the positions of black hole horizons. We put M = 4, λ = 0.003 and β = 60, 30, 17, 10, 5 from
top to bottom, respectively. It shows that all the spacetimes are asymptotically de Sitter in space. When β ≥ 17,
the spacetime has only one cosmic horizon and no singularity. When β < 17, the spacetime has three horizons and is
singularity-free.
FIG. 3: The evolution of f with respect to r. The black hole has no singularity.
We have considered two nonsingular black hole solutions above. Actually, we have many forms of P (ψ) for non-
singular black holes such as
P (ψ) = −λ
3
− 1
β
(
1− eβψ) , −λ
3
+
1
β
sinh (βψ) , −λ
3
− 1
β
(
1− cosh
√
2βψ
)
, −λ
3
+
ψ
1− βψ2 , −
λ
3
+
ψ
1− βψ .
(25)
These black holes are all asymptotically de Sitter or anti-de Sitter and singularity-free. In particular, the last one,
P (ψ) = −λ3 + ψ1−βψ gives
f = 1− r
2
(
λr3 + 6M
)
3r3 + λβr3 + 6βM
. (26)
When λ = 0, it is exactly the well-known Hayward nonsingular black hole [73]. It should be noted that Kunstatter
et al also found the Hayward black hole from a Lovelock-like theory [100] . On the other hand, Colleaux constructed
the one-parameter generalization of Hayward non-singular black hole and a non-singular universe [101].
C. NBH-3 (nonsingular black hole-3)
Now let’s consider another interesting case for nonsingular black hole solution
P (ψ) = −λ
3
+
1
β
arcsin (βψ) = −λ
3
+ ψ +
1
6
β2ψ3 +
3
40
β4ψ5 + · · · . (27)
7We obtain the expression of f from Eq. (19) and Eq. (9) for nonsingular black hole
f = 1−
r2 sin
(
2βM
r3 +
λβ
3
)
β
. (28)
We assume β > 0. For very large r and |λβ| ≪ 1, it reduces to the de Sitter or anti-de Sitter solution. When r → 0, we
get the Minkowski spacetime. We find the Ricci scalar and the Riemann tensor are not divergent ar r = 0. Therefore,
this is a nonsingular black hole solution.
In Fig. 4, we plot the positions of black hole horizons with M = 2, λ = 0.01 and β = 20. It shows that, in
this case, there is only one cosmic horizon in this spacetime. In Fig. 5, we plot the positions of black hole horizons
FIG. 4: The evolution of f with respect to ln r when M = 2, λ = 0.01, β = 20. In this case, the spacetime has only one cosmic
horizon and no singularity
with M = 2, λ = 0.01 and β = 0.001. It shows that there are many horizons in this spacetime. Detailed analysis
FIG. 5: The evolution of f with respect to ln r when M = 2, λ = 0.01, β = 0.001. The spacetime is singularity-free and has
many horizons.
reveals that, when 0 < β < 9.5 for M = 2, there are many horizons in this spacetime, one cosmic horizon and large
number of black hole horizons. The smaller β, the more black hole horizons. We note that the concept of singular
and nonsingular multi-horizon black holes in general relativity and modified gravity with nonlinear electrodynamics
is already studied in Ref. [74]. But their starting points are different from this paper. To gain more properties of
these nonsingular black holes, in the next sections, we shall calculate their quasinormal modes and geodesic motions.
8IV. QUASINORMAL MODES
When a black hole is perturbed, it undergoes a long period of damping oscillations. The process of this damping
oscillations is dominated by the so-called quasinormal modes. It is this quasinormal modes that dominates the
contribution to gravitational waves. In this section we study the quasinormal modes generated by scalar perturbations
of the nonsingular black holes. To this end, we start from the scalar perturbation equation
∇2Ψ = 0 , (29)
which is the general perturbation equation for the massless scalar field in the curved spacetime. Here ∇2 is the four
dimensional Laplace operator and Ψ the massless scalar field. Making the standard decomposition
Ψ = e−iωtYlm (θ, φ)
Φ (r)
r
, (30)
we obtain the radial perturbation equation
d2Φ
dr2∗
+
(
ω2 − V ) = 0 , (31)
where the effective potential is given by
V = f
(
l (l + 1)
r2
+
f,r
r
)
, (32)
and r∗ is the tortoise coordinate defined by
r∗ =
∫
1
f
dr . (33)
(a) (b) (c) (d)
FIG. 6: The effective potential V (r∗) as a function of the tortoise coordinate r∗ when λ = 0 and l = 5, 4, 3, 2, 1, from up to
down. (a) M = 1, β = 4, γ = 1.7 for NBH-1. (b) M = 1, β = 0.5, γ = −2 for nonsingular NBH-1. (c) M = 4, β = 10, for
nonsingular NBH-2. (d) M = 2, β = 7 for NB-3.
(a) (b) (c) (d)
FIG. 7: The effective potential V (r∗) as a function of the tortoise coordinate r∗ when the cosmological constant is non-
vanishing. The plots correspond to l = 5, 4, 3, 2, 1 from up to down. (a) M = 1, β = 4, γ = 1.7, λ = 0.1 for NBH-1. (b)
M = 1, β = 0.5, γ = −2, λ = 0.1 for NBH-1. (c) M = 4, β = 10, λ = 0.003 for NBH-2. (d) M = 2, β = 7, λ = 0.01 for NBH-3.
9The effective potential V as a function of the tortoise coordinate r∗ of three nonsingular black holes can be seen
in Fig. 6(a), 6(b), 6(c), 6(d), 7(a), 7(b), 7(c), 7(d). Comparing Fig. 6(a), 6(b), 6(c), 6(d) (asymptotically flat black
holes) with Fig. 7(a), 7(b), 7(c), 7(d) (asymptotically de Sitter black holes), we find that the presence of a positive
cosmological constant decreases the height of effective potential. We also find that the height of effective potential
increases with the increasing of the multi-pole number l. We shall evaluate the quasinormal frequencies for the scalar
perturbations by using the third-order WKB approximation, a numerical and perhaps the most popular method,
devised by Schutz, Will and Iyer [95–97]. This method has been used extensively in evaluating quasinormal frequencies
of various black holes. For an incomplete list see [98] and references therein.
The quasinormal frequencies are given by
ω2 = V0 + Λ
√
−2V ′′0 − iν (1 + Ω)
√
−2V ′′0 , (34)
where Λ and Ω are
Λ =
1√
−2V ′′0
{
V
(4)
0
V
′′
0
(
1
32
+
1
8
ν2
)
−
(
V
′′′
0
V
′′
0
)2(
7
288
+
5
24
ν2
)
 , (35)
Ω =
1√
−2V ′′0

 56912
(
V
′′′
0
V
′′
0
)4 (
77 + 188ν2
)
− 1
384
(
V
′′′2
0 V
(4)
0
V
′′3
0
)(
51 + 100ν2
)
+
1
2304
(
V
(4)
0
V
′′
0
)2 (
67 + 68ν2
)
+
1
288
(
V
′′′
0 V
(5)
0
V
′′2
0
)(
19 + 28ν2
)
− 1
288
(
V
(6)
0
V
′′
0
(
5 + 4ν2
))}
, (36)
and
ν = n+
1
2
, V
(s)
0 =
dsV
drs∗
|r∗=rp , (37)
n is overtone number and rp corresponds to the peak of the effective potential. It is pointed that [99] the accuracy of
the WKB method depends on the multi-pole number l and the overtone number n. The WKB approach is consistent
with the numerical method very well provided that l > n. Therefore we shall present the quasinormal frequencies of
scalar perturbation for n = 0 and l = 1, 2, 3, 4, 5, respectively.
In order to understand the effect of cosmological constant on fundamental quasinormal frequencies of three black
holes, we study two situations (with and without the cosmological constant). The fundamental quasinormal frequencies
of the scalar perturbation are listed in tables I-VIII. From the tables we see with the increasing of multi-pole number
l, the real part of the frequencies are increasing but the imaginary part of the frequencies are decreasing regardless
of the presence or absence of cosmological constant. We know the real and imaginary parts describe the oscillation
and damping of the modes, respectively. Therefore, we conclude that with the increasing of multi-pole number l, the
oscillation of modes becomes faster and faster while the damping becomes slower and slower.
For NBH-1, Table-I and Table-II show that with the increasing of positive γ, the real part of the frequencies are
increasing but the imaginary part are decreasing. For NBH-1, Table-III and Table-IV show that with the increasing
of negative γ, both the real part and imaginary part of the frequencies are increasing for NBH-1. For NBH-2, Table-V
and Table-VI show that with the increasing of β, the real part of the frequencies are increasing but the imaginary part
are decreasing. The case of NBH-3 is subtle. For NBH-3, Table-VII tells us with the increasing of β and for l > 1, the
real part of the frequencies are increasing but the imaginary part are decreasing. However, for l = 1, Table-VII reveals
with the increasing of β, both the real part and the imaginary part of the frequencies are decreasing. It is different
10
from the case for non-vanishing cosmological constant just as shown in Table-VIII. The real part of the frequencies
are increasing but the imaginary part are decreasing for all l > 0. The reason for this point may be related to the
property of multi-horizon structure for NBH-3. So in the next section, we shall pay attention to the geodesic motions
of test particles in the background of NBH-3.
l ω(γ = 1.7) ω(γ = 1.8) ω(γ = 1.9) ω(γ = 2.0)
1 0.31592-0.08771I 0.31796-0.08498I 0.31968-0.08216I 0.32098-0.07924I
2 0.52164-0.08290I 0.52598-0.08004I 0.53008-0.07696I 0.53389-0.07358I
3 0.72828-0.08153I 0.73461-0.07865I 0.74076-0.07550I 0.74672-0.07200I
4 0.93525-0.08097I 0.94350-0.07808I 0.95161-0.07491I 0.95958-0.07136I
5 1.14237-0.08069I 1.15253-0.07780I 1.16255-0.07462I 1.17249-0.07104I
TABLE I: The fundamental (n = 0) quasinormal frequencies of NBH-1 when M = 1,β = 4,λ = 0.0.
l ω(γ = 1.7) ω(γ = 1.8) ω(γ = 1.9) ω(γ = 2.0)
1 0.17686-0.05250I 0.18606-0.05190I 0.19487-0.05061I 0.20330-0.04849I
2 0.30522-0.04930I 0.32041-0.04881I 0.33511-0.04764I 0.34957-0.04558I
3 0.43147-0.04845I 0.45263-0.04799I 0.47318-0.04685I 0.49351-0.04481I
4 0.55694-0.04811I 0.58410-0.04766I 0.61049-0.04653I 0.63667-0.04449I
5 0.68207-0.04794I 0.71523-0.04749I 0.74746-0.04637I 0.77947-0.04433I
TABLE II: The fundamental (n = 0) quasinormal frequencies of NBH-1 when M = 1,β = 4,λ = 0.1.
l ω(γ = −2.0) ω(γ = −1.8) ω(γ = −1.6) ω(γ = −1.4)
1 0.30227-0.09825I 0.30258-0.09790I 0.30292-0.09739I 0.30337-0.09673I
2 0.49900-0.09235I 0.49961-0.09196I 0.50041-0.09146I 0.50144-0.09080I
3 0.69690-0.09066I 0.69781-0.09027I 0.69898-0.08978I 0.70050-0.08911I
4 0.89510-0.08997I 0.89630-0.08959I 0.89783-0.08910I 0.89982-0.08843I
5 1.09346-0.08964I 1.09493-0.08926I 1.09681-0.08876I 1.09927-0.08810I
TABLE III: The fundamental (n = 0) quasinormal frequencies of NBH-1 when M = 1,β = 0.5,λ = 0.0.
V. GEODESIC MOTIONS OF TEST PARTICLES
There are at most three horizons in the spacetime of NBH-1 and NBH-2. These horizons are cosmic horizon, black
hole event horizon and black hole inner horizon. Except for the non-singularity of the center, the two spacetimes are
similar to the well-known Reissner-Nordstrom-de Sitter solution. However, to our knowledge, NBH-3 is a completely
new solution. It is not only nonsingular but also multi-horizonal. Therefore, in this section, we shall investigate the
geodesics of NBH-3 spacetime.
The equations governing the geodesics in spacetime with the line element ds2 = gijdx
idxj can be derived from the
lagrangian
2L = gij
dxi
dτ
dxj
dτ
(38)
where τ is some affine parameter along the geodesic. For time-like geodesics, τ may be identified with the proper time
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l ω(γ = −2.0) ω(γ = −1.8) ω(γ = −1.6) ω(γ = −1.4)
1 0.12946-0.046107I 0.13134-0.046456I 0.13350-0.046701I 0.13638-0.04704I
2 0.22688-0.043015I 0.22986-0.043280I 0.23361-0.043581I 0.23847-0.04392I
3 0.32201-0.042247I 0.32619-0.042509I 0.33144-0.042799I 0.33825-0.04314I
4 0.41633-0.041936I 0.42171-0.042200I 0.42847-0.042493I 0.43722-0.04283I
5 0.51029-0.041792I 0.51686-0.042053I 0.52512-0.042340I 0.53582-0.04268I
TABLE IV: The fundamental (n = 0) quasinormal frequencies of NBH-1 when M = 1,β = 0.5,λ = 0.1.
l ω(β = 4) ω(β = 6) ω(β = 8) ω(β = 10)
1 0.07427-0.02629I 0.07460-0.02595I 0.07493-0.02559I 0.07526-0.02520I
2 0.12216-0.02459I 0.12278-0.02429I 0.12342-0.02395I 0.12409-0.02357I
3 0.17051-0.02409I 0.17139-0.02380I 0.17231-0.02346I 0.17327-0.02309I
4 0.21898-0.02388I 0.22011-0.02359I 0.22130-0.02326I 0.22255-0.02289I
5 0.26749-0.02378I 0.26887-0.02348I 0.27033-0.02316I 0.27186-0.02279I
TABLE V: The fundamental (n = 0) quasinormal frequencies of NBH-2 when M = 4,λ = 0.0.
of the particle. Regarding the metric in the form ds2 = −f(r)dt2 + 1/f(r)dr2 + r2dΩ2, the lagrangian is
L = 1
2
gij
dxi
dτ
dxj
dτ
=
1
2
(
g00t˙
2 + g11r˙
2 + g22θ˙
2 + g33ϕ˙
2
)
=
1
2
(
−f t˙2 + 1
f
r˙2 + r2θ˙2 + r2 sin2 θϕ˙2
)
,
(39)
where the dot denotes differentiation with respect to τ . The canonical momentum are
pt =
∂L
∂t˙
= −f t˙ , pr = ∂L∂r˙ = r˙f ,
pϕ =
∂L
∂φ = r
2 sin θϕ˙ , pθ =
∂L
∂θ = r
2θ˙ ,
(40)
and the resulting Hamiltonian is
H = ptt˙+ prr˙ + pθθ + pϕϕ˙−L = L . (41)
Since Lagrangian doesn’t explicitly depend on τ , then the Lagrangian and Hamiltonian are both constant. By
rescaling the affine parameter τ , we can arrange that 2L has the value −1 for time-like geodesics and 0 for null
geodesics. Further integral of the motion follows from the equations
dpt
dτ
=
∂L
∂t
= 0 and
dpϕ
dτ
= −∂L
∂ϕ
= 0 . (42)
Then we obtain
pt = −f t˙ = −E , (43)
l ω(β = 4) ω(β = 6) ω(β = 8) ω(β = 10)
1 0.05420-0.020716I 0.05495-0.02056I 0.05573-0.020374I 0.05653-0.02014I
2 0.09178-0.019015I 0.09302-0.01890I 0.09431-0.018753I 0.09566-0.01856I
3 0.12924-0.018527I 0.13096-0.01842I 0.13275-0.018286I 0.13463-0.01810I
4 0.16659-0.018326I 0.16878-0.01823I 0.17108-0.018094I 0.17349-0.01792I
5 0.20388-0.018225I 0.20655-0.01813I 0.20935-0.017996I 0.21229-0.01782I
TABLE VI: The fundamental (n = 0) quasinormal frequencies of NBH-2 when M = 4,λ = 0.003.
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l ω(β = 7.0) ω(β = 7.5) ω(β = 8.0) ω(β = 8.5)
1 0.14662-0.05296I 0.14651-0.05286I 0.14639-0.05275I 0.14625-0.05263I
2 0.24217-0.04916I 0.24218-0.04900I 0.24219-0.04883I 0.24220-0.04864I
3 0.33838-0.04806I 0.33847-0.04789I 0.33856-0.04770I 0.33865-0.04749I
4 0.43474-0.04761I 0.43489-0.04743I 0.43504-0.04723I 0.43520-0.04701I
5 0.53116-0.04738I 0.53135-0.04720I 0.53156-0.04699I 0.53179-0.04677I
TABLE VII: The fundamental (n = 0) quasinormal frequencies of NBH-3 when M = 2,λ = 0.0.
l ω(β = 7.0) ω(β = 7.5) ω(β = 8.0) ω(β = 8.5)
1 0.11348-0.04335I 0.11352-0.04320I 0.11355-0.04304I 0.11358-0.04286I
2 0.19178-0.03966I 0.19197-0.03949I 0.19216-0.03931I 0.19237-0.03911I
3 0.26988-0.03860I 0.27017-0.03843I 0.27048-0.03825I 0.27080-0.03804I
4 0.34777-0.03816I 0.34817-0.03800I 0.34857-0.03781I 0.34901-0.03761I
5 0.42555-0.03794I 0.42603-0.03778I 0.42654-0.03759I 0.42710-0.03739I
TABLE VIII: The fundamental (n = 0) quasinormal frequencies of NBH-3 when M = 2,λ = 0.01.
and
pϕ = r
2 sin θϕ˙ = constant . (44)
Moreover, from the equation of motion
dpθ
dτ
=
d
dτ
(
r2θ˙
)
= −∂L
∂θ
=
(
r2 sin θ cos θ
)(dϕ
dτ
)2
, (45)
it follows that if we choose to assign the value of pi/2 to θ when θ˙ is zero, then θ¨ will also be zero. So θ will remain
constant at the assigned value. We conclude that the geodesic is described in an invariant plane which we may
distinguish by θ = pi/2. Equation (44) then gives
pϕ = r
2 dϕ
dτ
= constant = L (say) , (46)
where L denotes the angular momentum about an axis normal to the invariant plane with t˙ and ϕ˙ given by equations
(43) and (46). The constancy of the lagrangian gives
E2
f
− r˙
2
f
− L
2
r2
= +1 or 0 . (47)
A. Null geodesics
In this subsection we shall restrict ourselves to null geodesics by considering r as a function of ϕ (instead of τ).
From equation (46) and equation (47), we obtain
(
dr
dϕ
)2
=
(
E2 − L
2
r2
f
)
r4
L2
. (48)
Letting
u = r−1 , (49)
we obtain the basic equation of the problem: (
du
dϕ
)2
=
E2
L2
− u2f . (50)
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Letting V (u) = −u2f , then we obtain
(
du
dϕ
)2
= E
2
L2 + V (u).
For the NBH-3, we have
f = 1−
r2 sin
(
2βM
r3 +
λβ
3
)
β
, (51)
and
V (u) = −u2

1− sin
(
2βMu3 + λβ3
)
βu2

 . (52)
The motion of particles is allowed in the region where V (u) ≥ −E2L2 . Fig. (8) shows V (u) has many damping oscillations
with the increasing of u. In particular, when u → ∞ (or r → 0), we have V → −∞. We conclude that the particle
with non-vanishing angular momentum cannot reach the black hole center.
Fig. (9a) tells us if we release a particle between the cosmological horizon (uα) and the black hole event horizon
(uβ), it will either bounce off somewhere or asymptotically spiral around a circle where −E2L2 meets exactly the local
minimum of V (u). The circle is nothing but the well-known smallest and unstable orbit for massless particles. The
radius of the circle is roughly r = 3M . This is the motion of test particles in the exterior of the black hole.
Now let’s consider the motion of test particles in the interior of the black hole. Fig. (9(b)) tells us when −E2L2 meets
the local maximum, the massless particle released at the corresponding extreme point will travel in a stable circular
orbit. If the particle with the same energy is released at other places, it will be either in a bound orbit or in a so-called
semi open-closed interval which we will investigate later.
When −E2L2 meets the local minimum, the particle released at the corresponding extreme point will travel in an
unstable circular orbit and any perturbation will cause it to fly away either inward or outward. Taking −E21
L2
1
as an
example, the particle traveling inward will bounce off at 1/u2 and asymptotically spiral around the circle of radius
r = 1/u1. On the other hand, the particle traveling outward can escape to infinity. This means the particle can escape
from the inside of black hole. We emphasize that the escaping from the black hole is the experience of co-moving
observer sitting on the particle. For the observer in infinity, he can not see a particle escaping from black hole due to
the presence of black hole event horizon.
In general, for a given value of
E2
0
L2
0
, there are a finite number of discrete closed intervals satisfying the condition
V (u) ≥ −E20
L2
0
. Each interval is the subset of [u2n+1, u2n+2] for some n ∈ N. The sequence {un} is constructed in
this way: u2n+1 and u2n+2 are separated on both sides of the local minimum of V (u) with V (u2n+1) = V (u2n+2).
For example, we have V (u1) = V (u2) for the interval [u1, u2] and V (u3) = V (u4) for the interval [u3, u4] as shown
in Fig. (9(b)). Since the motion is constrained by V (u) ≥ −E20
L2
0
, we conclude that there are bound orbits which are
oscillating between two spheres with radii r = 1/u2n+1 and r = 1/u2n+2, respectively. As an example, in Fig. (10a),
we plot the wavy orbits in the red interval and green interval (see Fig. (10b)), respectively. We find the orbits are
wavelike squiggle which is significantly different from the precession orbit of Mercury and the Keplerian orbit of our
earth. It is also a bit like the quantum motion of particles.
There’s still a semi open-closed interval in the form of (0, u0]. u0 satisfying
E2
0
L2
0
+V (u0) = 0. When
E2
1
L2
1
<
E2
0
L2
0
<
E2
2
L2
2
,
the particle will rebound at u0 and travel to infinity. Therefore, we conclude that there don’t exist stable orbits in
the interval (u2, u3), (u4, u5) and so on. By the way, the closed bound orbits are all discrete.
In all, the bound orbits can be divided into three categories:
1. Stable circular orbits when −E2L2 meets local maximum of V (u) which is equivalent to the conditions:

V (u) + E
2
L2 = 0 ,
V ′(u) = 0 ,
V ′′(u) < 0 .
(53)
2. Orbits that are asymptotically spiralling around a circle of radius when −E2L2 meets local minimum of V (u) which
is equivalent to the conditions: 

V (u) + E
2
L2 = 0 ,
V ′(u) = 0 ,
V ′′(u) > 0 .
(54)
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3. Wavy orbits that are constrained within two spheres of different radii which are determined by E
2
L2 + V (u) = 0.
For a given angular momentum L, the energy E of the particles would increase with the increasing of r = 1/u which
is a bit like the energy levels in atoms.
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FIG. 8: The evolution of V (u) with respect to u when M = 1, λ = 0.0001, β = 0.001.
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FIG. 9: (a) The enlarged portion of Fig. (8) in the region 0 < u < 0.6. uα represents the cosmological horizon and uβ the
outermost black hole event horizon. (b) The enlarged portion of Fig. (8) in the region 0 < u < 22.
B. Time-like geodesics
Now let’s turn to time-like geodesics. Following the procedures of null geodesics, we obtain the equation of motion
(
du
dϕ
)2
=
E2
L2
+ V (u) , (55)
where V (u) = − ( 1L2 + u2) f . We see that the potential of V (u) for massive particles, compared to that of massless
particles, is given a new term of − fL2 . In other words, we have to take into account the parameters of the particle
itself besides the parameters of the black hole. We find the corresponding conclusions on orbits are nearly the same as
the null geodesic. Therefore, in the next we shall investigate briefly on the radial motion of particles. The equations
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FIG. 10: (a) Two wavy orbits inside the black hole when M = 2, λ = 0, β = 0.001 and E
2
L2
= 1000. We note that the orbits
are not closed. (b) The outer and inner wavy orbits are constrained in the red and green intervals, respectively.
governing the null and time-like geodesics are
(
dr
dτ
)2
= E2 , and
dt
dτ
=
E
f
, (56)
and (
dr
dτ
)2
= E2 − f , and dt
dτ
=
E
f
, (57)
respectively. For massless particles, we have
r = ±Eτ + constant± . (58)
It indicates that massless particles can reach the center within finite affine “time” τ provided that their angular
momentum L = 0. Of course, for the observer in infinity, it would take infinite coordinate time t =
∫
1
f dr for the
particle to reach the event horizon, needless to say the center of the black hole. We emphasize that the massless
particles with non-vanishing angular momentum could never reach the center which has been shown in subsection A.
FIG. 11: The evolution of V (u) with respect to u when M = 0.15, λ = 0.0001, β = 0.001.
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Following the procedure of general cases, we set V (u) = −f . Then for a given value of −E20 6= −1, there are a finite
number of discrete closed intervals satisfying the condition V (u) ≥ −E20 . Each interval is the subset of [U2n+1, U2n+2]
for some n ∈ N and the sequence is constructed in the same way as before. We have the conclusion again that there
are bound orbits which are oscillating between two points with r = 1/U2n+1 and r = 1/U2n+2, respectively. When
−E2 = −1, there will be an infinite number of such intervals satisfying the condition V (u) ≥ −E20
L2
0
. The energy of the
bound particle is asymptotically approaching the Planck energy when u→∞.
Since the interval has a limit, the energy of the bound orbits should have a upper and lower bounds, which is easy
to identify from Fig. 11. Different from the analysis of non-vanishing angular momentum case, if a particle is released
between [U2n, U2n+1], for example, Uγ ,between [U2, U3], it will shift inwards and bounce off at the origin, reach Uγ
and bounce off again, repeat; in other words, we can say that it’s a bound particle and constrained in the sphere of
radius equal to 1Uγ .
When −E2 meets one local maximum of −f , the corresponding position u is stable for the particle. In other words,
the particles with energy E can remain there forever. The energy E of the particle is determined by

V = 0 ,
V ′(r) = 0 ,
V ′′(r) < 0 .
(59)
They are equivalent to 

E2n −

1− r2n sin
(
2βM
r3n
+λβ
3
)
β

 = 0 ,
3Mβ cos
(
2βM
r3n
+ λβ3
)
− r3n sin
(
2βM
r3n
+ λβ3
)
= 0 ,
2
(
r6n − 18β2M2
)
sin
(
2βM
r3n
+ λβ3
)
< 0 .
(60)
It is apparent there are infinite stable energy levels {En} in the vicinity of black hole center. The energies vary
from Planck energy to zero with the increasing of radius. The particles with E = mp are constrained in the vicinity
of center. Then with the increasing of radius, the energy En is asymptotically vanishing. We emphasize that all the
energy levels are confined in the black hole.
If −E2 meets the local minimum of V (u), for example, U2, the particle released at the corresponding extreme point
will stay there and the point is unstable to any perturbations. The particles perturbed shifting inwards will reach
the origin and bounce off, then asymptotically approach the radius equal to 1/U2. The particles perturbed shifting
outwards will bounce off at 1/U1 and asymptotically approach the radius equal to 1/U2.
Finally, let’s consider the motion of test particle which is released between the cosmological horizon and the black
hole event horizon. When E2 < E21 , it will be constrained in u < Uα or Uα < u < Uβ. When E
2
1 < E
2 < E22 , the
particle will never enter the sphere of radius equal to 1/U0. It will bounce off where E
2 − f vanishes, and then fly to
infinity. If the energy E of the particle satisfies E2 ≫ E22 , it will be able to arrive the center and then rebound to
infinity. Now we see that, different from massless particles, massive particles cannot always arrive at the center.
VI. 4-DIMENSIONAL NONSINGULAR UNIVERSES
In this section, we shall show there are a large number of nonsingular universe solutions in the regularized Lovelock
gravity. To this end, we start from the n-dimensional Friedmann equation in Lovelock gravity which is derived by
Deruelle and Farina-Busto [93]
N∑
p=0
αp
2
H2p
(n− 1)!
(n− 2p− 1)! = κρ , (61)
where H is the Hubble parameter and ρ is the energy density of universe. Here a spatially flat universe is assumed.
The factorial function in the denominator tells us we must have
p ≤ n− 1
2
. (62)
When n = 4, we are left with only p = 0 and p = 1. Eq. (61) is then reduced to
α0
2
+ 3H2 = κρ , (63)
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provided that
α1 = 1 . (64)
It is exactly the Friedmann equation in General Relativity. Now α0 plays the role of cosmological constant. We see
the higher orders p ≥ 2 of Lovelock tensors make no contributions to the equations of motion. However, it is not the
case in regularized Lovelock gravity. To show this point, we make the regularization as follows [6]
αp → 2cp (n− 2p− 1)!
(n− 1)! . (65)
Namely, the coupling constants αp are replace with cp. Then the regularized Friedmann equation turns out to be
N∑
p=0
cpH
2p =
8pi
3
ρ , (66)
where cp are understood as the regularized coupling constants and κ = 8pi/3 is adopted. Now all the orders of Lovelock
tensor contribute to the equations of motion regardless of the dimension of spacetime. Since the order N of lovelock
tensors can be arbitrarily large, we can let N → ∞. In order that General relativity is covered in the theory, we
require that
c0 = −λ
3
, c1 = 1 , (67)
λ is the cosmological constant.
Same as in section III, we introduce function P (ψ) as follows
P (ψ) ≡
∞∑
p=0
cpψ
p , (68)
where ψ is defined by
ψ ≡ H2 . (69)
We obtain the regularized Friedmann equation in Lovelock frame
P (ψ) =
8pi
3
ρ . (70)
Comparing it with Eq. (18), we find
M =
4pi
3
ρr3 , (71)
a very delicate result.
Solving for ψ or H2, we obtain the regularized Friedmann equation in Einstein frame
H2 = P−1 (ρ) . (72)
The energy density of the universe is often parameterized as
ρ =
ρs0
a6
+
ρr0
a4
+
ρd0
a3
, (73)
which denote stiff matter, radiation matter and dark matter, respectively. For the present universe, we have λ ≃
ρd0 ≫ ρr0 ≫ ρs0 . In the next subsections, we shall present several nonsingular universe solutions.
18
A. nonsingular universe-1
We select the same function
P (ψ) = −λ
3
+
1
β
[(
1 +
βψ
γ
)γ
− 1
]
, (74)
as in the first nonsingular black hole solution and substitute it into the regularized Friedmann equation Eq. (71).
Then the Friedmann equation in Einstein frame is derived
H2 =
γ
β
[(
1 +
8piβρ
3
+
λβ
3
) 1
γ
− 1
]
. (75)
We assume λ > 0, β > 0 and γ < 0. When β → 0, it restores to the Friedmann equation in General Relativity. When
ρ→∞, we have the de Sitter solution
a ∝ ect
√
−γ
β , (76)
where c is the speed of light. It is generally conjectured that the cosmic inflation starts from the Planck length,
lp ∼ 10−35m. Therefore, β is the order of β ∼ l2p. On the other hand, when ρ→ 0, we also have the de Sitter solution
a ∝ ect
√
1−(1+λβ3 )
1
γ
√
−γ
β . (77)
We know the present-day cosmological constant is in the order of inverse of square of the present-day Hubble length
λ ∼ L−20 ∼
(
H0
c
)2 ≃ 1.2× 1026m. So we have
λβ
3
≃ l
2
pL
−2
0
3
≃ 10−120 ≪ 1 . (78)
Therefore, Eq. (77) can be approximately written as
a ∝ e
√
λ
3
t . (79)
In all, this is a nonsingular universe solution beginning in a de Sitter phase and ending in another de Sitter phase.
The energy densities of the two phases are ρ1 ∼ λ and ρ2 ∼ 1/β, respectively. Then the difference of vacuum energy
densities for the two phase is about ρ1/ρ2 ∼ 10−120, namely, 120 orders of magnitude.
B. nonsingular universe-2
We select the same function
P (ψ) = −λ
3
− 1
β
ln (1− βψ) , (80)
as in the second nonsingular black hole solution and substitute it into the regularized Friedmann equation Eq. (71).
Then the Friedmann equation in Einstein frame is derived
H2 =
1
β
(
1− e− 8piβρ3 −λβ3
)
. (81)
Same as the first solution, we assume β ∼ l2p and λ ∼ L−20 . When β → 0, it restores to the Friedmann equation in
General Relativity. When ρ→∞, we have the de Sitter solution
a ∝ e
√
1
β
t
. (82)
On the other hand, when ρ→ 0, it also gives a de Sitter solution
a ∝ e
√
1
β
(
1−e−
λβ
3
)
t
≃ e
√
λ
3
t . (83)
Therefore, this remains a nonsingular universe solution beginning in a de Sitter phase and ending in another de Sitter
phase. The difference of vacuum energy densities for the two phases is about 120 orders of magnitude.
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C. nonsingular universe-3
We select the same function
P (ψ) = −λ
3
+
1
β
arcsin (βψ) , (84)
as in the third nonsingular black hole solution and substitute it into the regularized Friedmann equation Eq. (71).
Then the Friedmann equation in Einstein frame is derived
H2 =
sin
(
8piβρ
3 +
λβ
3
)
β
. (85)
When β → 0, it restores to the standard Friedmann equation in General Relativity. When ρ → 0 and taking into
account of λβ ≪ 1, we obtain the de Sitter universe
a ∝ e
√
sin( λβ3 )
β
t ≃ e
√
λ
3
t . (86)
The vacuum energy density in this phase is the order of λ ∼ H20 . The matter density ρ can not be arbitrarily large.
In fact, when ρ→ 3/(8β), we have 8piβρ3 + λβ3 = pi + λβ/3 ≃ pi such that a˙ = 0 and
H˙ ∝ − cos
(
8piβρ
3
+
λβ
3
)
(ρ+ p) ≃ ρ+ p > 0 . (87)
Then a bounce universe is achieved. In the phase of bounce, the energy density is the order of ρ ∼ 1/β = ρp,
namely, the Planck energy density. In Fig. 12 we plot the evolution of ln a with cosmic time t. We put β = 0.1, λ =
0.7 · 8pi, ρs0 = 10−6, ρr0 = 10−4, ρd0 = 0.3. It shows that the universe starts from a bounce and then undergoes the
stiff matter dominated epoch, the radiation matter dominated epoch, the dark matter dominated epoch, ends lastly
in a de Sitter expansion.
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FIG. 12: The evolution of ln a with respect to cosmic time t. The universe starts from a bounce and ends in a de Sitter
expansion.
Finally, one can find other nonsingular universe solutions by using the input-functions in Eq. (25). By and large,
these solutions are divided into two types. The first type states that the universe starts from a de Sitter phase and
ends in another de Sitter phase. The second type states that the universe starts from a bounce and ends in a de Sitter
expansion.
VII. CONCLUSION AND DISCUSSION
In conclusion, we have shown there are a large number of nonsingular black holes and nonsingular universes in the
regularized Lovelock gravity in four dimensional spacetime. To obtain the nonsingular black holes and nonsingular
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universes in the framework of General Relativity, one must resort to exotic physical sources which generally violate
the energy conditions. This is required by the well-known singularity theorems [94]. However, it is not the case in
our considerations. It does not need to introduce any physical sources in our calculations. In this sense, the solutions
are built purely in vacuum. We present the nonsingular black hole and nonsingular universe with the same function
of P (ψ). But the corresponding gravitational theories are different because the coupling constants cp are different.
It is found that there are in general three horizons for NBH-1 (nonsingular black hole-1) and NBH-2 (nonsingular
black hole-2). They are cosmic horizon, event horizon and inner Cauchy horizon, respectively. However, for NBH-3
(nonsingular black hole-3), there can exist a fairly large number of horizons. These black holes are all asymptotically
de Sitter or anti-de Sitter in space. In the absence of cosmological constant, they are asymptotically Minkowski.
Finally, when r → 0, the spacetime reduces to Minkowski and the black hole central singularity is erased. In order
to understand the internal structure of black holes, we study the geodesic motions of massless and massive particles.
We find there are three types of orbits inside the black hole.
1. When −E2/L2 meets one local maximum of V (u), there would exist a stable and circular orbit. Since there are
infinite local maximum on the potential V , the number of stable and circular orbit is also infinite.
2. When −E2/L2 meets one local minimum of V (u), there would exist asymptotically spiralling circular orbit. The
number of asymptotically spiralling circular orbits is also infinite.
3. When −E2/L2 is between one local maximum and one local minimum of V (u), there would exist a number of
wavy orbits. Every wavy orbit is confined between two spheres of different radius. For fixed −E2/L2, the number of
wavy orbits is finite. By considering the radial motion of massive particles, we find there exist infinite energy levels
inside the black hole.
Finally, we find that both NU-1 (nonsingular universe-1) and NU-2 (nonsingular universe-2) are asymptotically de
Sitter whether for ρ→ 0 or for ρ→∞. This means they are created in a de Sitter phase and are ended in another de
Sitter phase. The difference of vacuum energy densities for the two phases is about 120 orders of magnitude. Thus
it may be helpful to understand the cosmological constant problem. For NU-3 (nonsingular universe-3), it is also
asymptotically de Sitter in distant future. But it is created from a bounce while not a de Sitter phase.
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